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Cholesterol in population
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STIMATION &
INFERENCE (3)

Cholesterol in sample
DATA EXPLORATION &
DESCRIPTIVE STATISTICS (4)

Experimental Design (1)

EXP. DESIGN (1

é_

sample

e Researcher determines the population to which they wants to generalize their conclusions.
¢ Financial and logistic limitations — representative sample from population



Data analysis (2 & 3)

o Data-Exploration en Descriptive Statistics (2): explore, visualize, summarize, gain
insight, check assumptions

o Statistical Inference (3): Generalize what we observe in the sample towards the
population so that we can draw general conclusions on the biological process we study.
We need statistical models to analyze the data, and, to quantify and report on variability
and uncertainty.

Example

o National Health and Nutrition Examination Survey (NHANES)
e American demografic study
e Large number of physical, demographic, nutritional, life style and health characteristics

ID Gender Height BMI_WHO DirectChol SexNumPartnLife

51624 male 164.7 30.0__plus 1.29 8

51625 male 105.4 12.0 18.5 NA NA

51630 female 168.4 30.0_plus 1.16 10

51638 male 133.1 12.0 18.5 1.34 NA

51646 male 130.6 18.5_to_24.9 1.55 NA

51647 female 166.7 25.0_to_29.9 2.12 20
Variables

¢ We measure variables on subjects in the sample

e A Variable is a charactistic e.g. Direct cholesterol, Age, Gender,, ...

e It varies from subject tot subject in the population and thus also within the sample as
well as from sample to sample.



Types of variables

1. Qualitative variables: a limited number of outcome categories, non-numeric.

o nominal variables: no natural ordening, e.g. gender, blood group, eye color, ...
e ordinal variables: ordening, e.g. BMI class, smoking status (1: never smoked, 2:
stopped smoking, 3: smoker)

2. Numeric variables:

e discrete variables: counts e.g. number of parners in life span, ...

e continuous variables: can (in theory) take each possible value between certain limits
e.g. Age, Weight, BMI, fluorescence measurement in ELISA assay

¢ Often dichotomised to turn it in a nominal qualitative variable — information loss

Population

e Aim of scientific study: make general statements on a process at the level of the population.
o E.g. assess if the cholesterol level is on average different between males and females who
are elder than 25.

— assess cholesterol level in population above 25.
o Population in statistics is a theoretical concept

— It is in continuous evolution/change

— Often interest to generalize conclusions to future subject — so population cannot
be entirely observed at the present.

— Can typically be considered to be infinite.

e Population has to be clearly defined!

Inclusion criteria are characteristics a subject/experimental unit must have to belong to the
population, e.g.

o age above 25
e normal BMI

Exclusion criteria characteristics that the subject/experimental unit is not allowed to have to
belong to the population, e.g.



e pregnancy in study on new type of drug
o diabetes, history of hard drugs, low health status when the aim is to delineate a range of
normal values of blood pressure in a population of healthy individuals

Random Variables

o Variables (e.g. direct cholesterol) vary in the population from subject to subject!
e Variables are thus random because their value changes in the population.

¢ Crucial question: How precise are the conclusions on the population based on a group
of subjects in a sample!

e We will thus observe differences from sample to sample.

e Variability of the data plays a crucial role!

Convention

o Use capital letters for a study characteristic (e.g. direct cholesterol) to indicate that it
changes in the population without thinking about the observed value of a particular
subject.

e Variable X is a random variable and is the result of random sampling of the characteristic
from the population.

¢ Random variable X is thus the unknown variable that represent a measurement that we
plan to collect on a random subject, but that we have not collected yet.

o Typically a sequence of random variables X1, ... X,, will be collected in the study (with n
subjects or experimental units).

e The concept of random variables is necessary to reason on how the results and conclusions
change from sample to sample.

¢ Random variables can be qualitative, quantitative, discrete, continuous, ...




Describing the population

e It is impossible to predict the value of a random variable.
e The realised value of X is subject to random variability.

e Suppose that we are interested in the IQ of subject. If we know how the data are
distributed, we can use probability theory to calculate the probability that the IQ of a
random subject of the population will be above 110.

Intermezzo probability theory
Discrete random variables

e Supose that we measure a discrete random variable X

o All possible values for the random variable X are called the sample space Q.

— For gender the sample space is 2 = (0,1) with 0 (male) or 1 (female).
— Suppose that we role a dice, then the sample space is Q = (1,2, 3,4,5,6).

e An event A is a subset of the sample space

— Get an even number when rolling a dice: A = (2,4,6).
— Can also be A = (1) one subset of the sample space.

o Event space A is the class of all possible events associated with a given experiment.
o Two events (A; and A,) are multiple exclusive if they cannot occur together

— e.g. event of the odd numbers A; = (1,3,5) and the event of getting A, = (6)
—s0 A, Ay = 0.

o Probability P(A) is a function P : A — [0, 1] which satisfies

1. P(A) > 0and P(A) <1 for each A€ A

2. P(Q)=1

3. For multiple exclusive events A;, A,,... A, the probability P(A; U Ay...UA,) =
P(A) + ...+ P(A)

¢ Dice example

— odd number A = (1,3,5): this is the union of 3 multiple exclusive events A; =1,
Ay, =5and A3 =5s0o P(A)=P(1)+P(3)+P(5)=1/6+1/64+1/6=0.5



— 0 =1(1,2,3,4,5,6): P(Q) =1

o If we draw two subjects (j and k) independently from the population then the joint

probability on P(X;, X)) = P(X;)P(X;)

Probability mass function

e The probability mass function for a random variable X describes the probability of each
possible value of the sample space.

o Example: Gender is a binary variable (0:male, 1:female) and binary variables are Bernoulli
distributed. 50.8% of the subjects of the American population are female and 49.2% are
male. Let m be the probability on a female 7 = 0.508. so

PX=0) = 1—7
X”{P@ 1) =«

data.frame(X = c(0, 1), prob = c(0.492, 0.508)) |>
ggplot(aes(x = X, xend = X, y = 0, yend = prob)) +
geom_segment () +
ylab("Probability")
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Random variable X follows an Bernoulli distribution B(w) with parameter = = 0.508,

B(r) = 7% (1 — m)1—®)

Cumulative distribution function
o The cumulative distribution function is the function F(x) that calculates the probability

to observe a random variable X for which X < x:

VX<z
o Gender example F'(0) =1 — 7 and F(1)=P(X=0) + P(X=1)=1
data.frame(X = c(-0.5, 0, 1, 1.5), cumprob = c(0, 0.492, 1, 1)) |>
ggplot(aes(x = X, y = cumprob)) +

geom_step(direction = "hv") +
ylab("F(x)")
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¢ Dice:



data.frame(X = c(0.5, 1:6, 6.5), cumprob = c(0, cumsum(rep(l / 6, 6)), 1)) [>
ggplot(aes(x = X, y = cumprob)) +
geom_step(direction = "hv") +
ylab("F(x)")
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Mean

The mean or the expected value E[X] of a discrete random variable is given by

E[X]=) xP(X =)

e

¢ Gender example

- FX]|=0x(1—-m+1lxmr=m7
— The mean equals E[X] = 0.508.

e Dice example:

E[X]=1x1/6+2x1/6+..4+6x1/6=35



Variance

The variance is a measure for the variability of a random variable and is given by

E[(X — E[X])’] = ) _(z — E[X])*P(X = x)

e
e Gender example
E[(X—EX)?} = 0—-7?x(1-m+1—-7)2x7 (1)
= m1l-m+1—m)1n (2)
= 7(l—m)(r+1—m) (3)
= w(l—m) (4)

Continuous random variable

o The density function f(z) describes how likely it is to observe a particular value of random
variable X when we sample a random subject from the population.

o Many biological characteristics are approximatively normally distributed (upon transfor-

mation)
1 (x—p)?
= B (’2
fla) = —To—sge 2

« This is denoted in shorthand as f(x) = N(u,o?)

e The IQ in the population is known to follow a normal distribution with mean p = 100
and standard deviation o = 15.

IQ ~ N(100,152)

¢ R we can use the dnorm function to calculate the density of particular values of X=x.

o The arguments of dnorm are mean (1) and sd (standard deviation o).



par(mar = c(5, 4, 4, 2) + 0.1, mai = c(1.02, 0.82, 0.82, 0.42))
grid <- seq(40, 160, .1)
plot(grid, dnorm(grid, mean = 100, sd = 15),

xlab = "IQ",

col = 2, ylab = "Densiteit", type = "1", lwd = 2, cex.lab = 1.5, cex.axis = 1.5
)

Densiteit
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e Within certain limits, continuous variables can take all possible values so the sample
space {) is infinitely large.

Cumulative distribution

e Again the cumulative distribution F'(X) = P(X < z).

o Because X is continuous we will calculate this probability using an integral
x
F(x) = / f(z)dx

o Note that f(x) = 0 if x does not belong to the sample space.

10



o We can calculate F(z) for a normally distributed random variable using the pnorm
function again with arguments mean and sd.

plot(grid, pnorm(grid, mean = 100, sd = 15), type = "1", xlab = "IQ", ylab = "Probability")
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So the probability that the IQ of a random subject is below 80 can be obtained by

pnorm(80, mean = 100, sd = 15)

(1] 0.09121122
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P(X < 80) X 9.1%

Densiteit
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e For the largest possible value of X we integrate over the entire sample space €2 so

/ Fla)ds =1

e
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¢ So the area under the density function equals 1!

Mean and Variance.

o The mean or the expected value E[X] of a continuous random variable is given by

/ of(z)dz

e

e For the normal distribution
+00

| etz =y

—00

e The variance E[(X — E[X])?] is given by

/ (x — BIX))f(x)da

ze)

e For the normal distribution we get

| @ wts=o

—00

o It is often difficult to interpret the variance because it is not in the same unit as the
random variable and the mean. We therefore often use the standard deviation

SD = /E[(X — B[X])?]

The SD for a normal distribution, ¢ has the nice interpretation that approximately 68% of the
population has a value for the characteristic X within the interval of one standard deviation
(o) around the mean:

Plp—o< X <p+o0)~0.68
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For normally distributed random variables approximately 95% of the subjects in the
population have a value that lays in two standard deviations (20) of the mean

Plp—20 < X < p+20] ~0.95
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e In R cumulative distribution can be calculated with the function pnorm. This function
has arguments q the quantile, the mean and the standard deviation.

o If you want help you can always type:

7pnorm

e What is the probability that a random subject in the population will have an 1Q below
907

pnorm(q = 90, mean = 100, sd = 15)

[1] 0.2524925

e What is the probability that a random subject in the population will have an 1Q below
1107

o What is the probability that a random subject in the population will have an IQ between
90 and 1107
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Standardization

e Normal data are often standardized.

z =
g

¢ Upon standardization the data follow a standard normal distribution with mean p =0
and variance o2 = 1:
z~ N(0,1)

We can use the gnorm function to calculate the quantile z, 5, and zg; 50, corresponding to
F(zy 50,) = 0.025 and F'(zg7 50,) = 0.975, respectively.

gqnorm(0.025)

[1] -1.959964

qnorm(0.975)

[1] 1.959964

This indeed indicates that about 97.5%-2.5%=95% of a standard normal random variable falls
within the interval [-2,2], or within 2 times the standard deviation (¢ = 1) from the mean

(1 =0).

Sample

¢ In real studies we typically do not know the distribution in the population.
¢ Due to financial and logistic reasons we can almost never study the entire population.

o The population parameters (e.g. mean IQ, variance of 1Q) can therefore not be obtained
without error.

e Only as small subset of the population can be studied: the sample

e Sample according to a structured design: select subject completely at random from
the population so that every subject has an equal probability to end up in the sample
— Representative sample.
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o The sample z, 2, ...,x, can be considered to be n realisations of the same random
variable X, for subjects i = 1,2, ..., n.

e The distribution in the population is unknown and has to be estimated.

o If we can assume that the studied characteristic follows a particular distribution (e.g. a
normal distribution N (p,0?) then we only have to estimate the population parameters
(e.g pu and 0?) based on the sample.

o We refer to them as estimates and denote them by i and 2.

NHANES example

e Gender in the population
e Select n = 10000 subjects at random from the American population.

e Once the random individuals are sampled from the population we have observed n
realisations of the random variable X.

o Convention: Observed values — are denoted with a small letter x.

e x is a particular value measured/observed in a conducted experiment and no longer an
unknown variable.

In summary

e Unknown values of the studied population characteristic for 1 to n subjects in a sample
are random variables: X;,..., X,

¢ We have to reason on this in order to understand how the observations, estimates and
conclusions of a study can change from sample to sample.

o In a sample we observe the realised outcomes z,z,,...,x,: e.g. the observed genders or
the observed direct cholesterol levels of the subjects in the sample.

Gender Example

17



library (NHANES)
NHANES |> ggplot(aes(x = Gender)) +
geom_bar ()
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female male
Gender

e Gender is a binary variable.
o It thus follows a Bernoulli distibution.
e The parameter of a Bernoulli distribution is the mean .

n
o We can estimate m based on the sample using the sample mean z = > z;

=1
¢ Note, that the sample mean is also a random variable! It also varies from sample to
sample!

NHANES$Gender |> head()

[1] male male male male female male
Levels: female male

o Note, that Gender is a factor and that the females are the reference class (first class).

¢ R by default uses the level which comes first in the alfabet as the reference class.
e We can recode the Gender using a 0 and 1 coding.
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o When we use the as.numeric() function the factor Gender is transformed in a numeric
value. It has two values 1 or 2. 1 stands for the first level (females) and 2 for the second

level males. If we subtract 1 from it we have a 0 and 1 encoding (0 for females and 1 for
males).

NHANES <- NHANES |> mutate(gender = as.numeric(Gender) - 1)
mean (NHANES$gender)

[1] 0.498

¢ Note, that due to the encoding the sample mean is an estimate for the fraction of males
in the population.

e Always be careful with the encoding!

Height example

Empirical distribution

e We can estimate the distribution of the height of adult females using a histogram.

NHANES |>

filter(Gender == "female" & !is.na(Height) & Age > 18) |[>
ggplot(aes(x = Height)) +
geom_histogram()
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e We can estimate the cumulative distribution function using the empirical cumulative
distribution function.

— Every observation in the sample is observed once.

— So the empirical distribution of the sample is a discrete distribution with probability
of 1/n on every observation.

— The empirical cumulative distribution function (ECDF) then becomes

ECDF(z) =Y 1_# <)

n

x, <

NHANES |>

filter(Gender == "female" & !is.na(Height) & Age > 18) |[>
ggplot(aes(x = Height)) +
stat_ecdf ()

20
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e We can use the empirical cumulative distribution function to calculate probabilities. What
is the probability that a woman is smaller than 150 cm?

ecdfFem <- NHANES |>
filter(Gender == "female" & !is.na(Height) & Age > 18) |[>
pull (Height) [>
ecdf )

ecdfFem(150)

[1] 0.05222073

e We also illustrate this for a sample with sample size 10

set.seed(502)
fem10 <- NHANES |[>

filter(Gender == "female" & !is.na(Height) & Age > 18) |[>
sample_n(size = 10)

fem10 |>

ggplot(aes(x = Height)) +
stat_ecdf ()
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ecdfFem10 <- feml10O |>
pull (Height) [>
ecdf ()

ecdfFem10(150)

[11 o

o Note, that this probability is poorly estimated based on the small sample.

¢ Note, that we could also have estimated this probability by calculating the fraction of
height measurements that are smaller than or equal to 150 cm.

NHANES |>
filter (Gender == "female" & !is.na(Height) & Age > 18) |[>
count (Height <= 150) [>
mutate(prob = n / sum(n))

# A tibble: 2 x 3

"Height <= 150° n  prob

<lgl> <int> <dbl>
1 FALSE 3521 0.948
2 TRUE 194 0.0522
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ecdfFem(150)

[1] 0.05222073

fem10 |>
count (Height <= 150) |[>
mutate(prob = n / sum(n))

# A tibble: 1 x 3

"Height <= 150° n prob
<lgl> <int> <dbl>
1 FALSE 10 1
ecdfFem10(150)
[1] O

Normal approximation

e In the introduction we have seen that the height measurements had a nice bell shape.
e So we can assume that the measurements are approximately normally distributed.

e We can approximate the distribution of the height measurements using a normal distri-
bution.

o We only have to estimate two parameters:

— the mean using the sample mean (i = )
— the variance using the sample variance (62 = s?) or the standard deviation using
the sample standard deviation (6 = s).

HeightSum <- NHANES [>

filter(Gender == "female" & !is.na(Height) & Age > 18) |[>
summarize (mean = mean(Height), sd = sd(Height))
HeightSum
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# A tibble: 1 x 2
mean sd
<dbl> <dbl>

1 162. 7.27

¢ We see that the approximation works well:

NHANES |>
filter(Gender == "female" & !is.na(Height) & Age > 18) |[>
ggplot (aes(x = Height)) +
geom_histogram(aes(y = ..density.., fill = ..count..)) +

xlab("Height (cm)") +
stat_function(
fun = dnorm,
color = "red",
args = list(
mean = HeightSum$mean[1],
sd = HeightSum$sd[1]

)
)
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e We can do the same thing for the small sample with 10 women.
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HeightSuml0 <- fem10 |[>
summarize (mean = mean(Height), sd = sd(Height))
HeightSum10

# A tibble: 1 x 2
mean sd
<dbl> <dbl>

1 163. 8.19

fem10 |[>
ggplot(aes(x = Height)) +
geom_histogram(aes(y = ..density.., fill = ..count..), bins = 10) +

xlab("Height (cm)") +
stat_function(
fun = dnorm,
color = "red",
args = list(
mean = HeightSumilO$mean[1],
sd = HeightSum10$sd[1]
)
)+
x1im(130, 190)
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e We can now also use the normal approximation to calculate the probability that a woman
is smaller than 150 cm: P(X < 150).

e We do this based on the large sample and compare it with the result based on the ECDF.

pnorm(150, HeightSum$mean[1], HeightSum$sd[1])

[1] 0.0484516

ecdfFem(150)

[1] 0.05222073

o Based on the small sample:

pnorm (150, HeightSumlO$mean[1], HeightSum10$sd[1])

[1] 0.05346615

ecdfFem10(150)

(11 O
e For the small sample, the probability estimated with the empirical distribution is much
less precise.

¢ Indeed, extreme quantiles estimated from a small sample are quite uncertain as they only
use a fraction of the data.

o The estimate based on the normal distribution allows us to use all the data to estimate
the model parameters.
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Reference intervals

e Normal values for the height in the population can be obtained using a reference interval.

o Typically a 95% reference interval is used, so that 95% of the subjects in the population
are expected to have a value for the characteristic that falls into the reference interval.

e We can do this again based on the empirical distribution. We need to calculate the
quantiles F'(z4 50,) = 0.025 and F'(zg7 50 ) = 0.975 so that 95% of the observations in the
sample are located in the interval [z4 507, Zg7 59]-

e This can be done with the quantile function.
e Large sample
NHANES |>
filter(Gender == "female" & !is.na(Height) & Age > 18) |[>

pull (Height) [>
quantile(prob = c(0.025, 0.975))

2.5% 97.5%
147.6 176.7

e So based on the large sample, we estimate that 95% of the females in the population
have a height in the interval [147.6, 176.7] cm.

e Small sample
fem10 |>

pull (Height) [>
quantile(prob = c(0.025, 0.975))

2.5% 97.5%
154.7250 178.3275

o Note, that this estimate is very crude. In the small sample, we do not have enough
observations to have a good approximation of the extreme quantiles.
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Normal approximation

e We can use the function qnorm to calculate quantiles from the normal distribution.

o We also know that a 95% reference interval is located roughly within two standard
deviations around the mean.

o Large sample

gnorm(0.025, mean = HeightSum$mean, sd = HeightSum$sd)

[1] 147.8192

HeightSum$mean - 2 * HeightSum$sd

[1] 147.528

qnorm(0.975, mean = HeightSum$mean, sd = HeightSum$sd)

(1] 176.3237

HeightSum$mean + 2 * HeightSum$sd

[1] 176.6149

e Small sample

gqnorm(0.025, mean = HeightSumlO$mean, sd = HeightSum10$sd)
[1] 147.1499
qnorm(0.975, mean = HeightSum1O$mean, sd = HeightSuml10$sd)

[1] 179.2701
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Conclusions

o For the large sample, the empirical distribution (quantile function) and the normal
approximation give us approximately the same result.

e For the small sample, however, the normal approximation works much better than the
one based on the empirical distribution.

— This is because we are looking at extreme quantiles 2.5% and 97.5%.

— Indeed, we have very few observations at our disposal in the small sample to estimate
these quantiles directly from the observations.

— With the normal approximation we can use all the data to estimate the mean and
the variance. So if the normal assumption holds, we get better estimates for these
extreme quantiles.

Statistics

¢ Formula will be used to estimate the parameters of a distribution in the population based
on the sample. We call these statistics or estimators.

e The numeric result obtained by evaluating these formula are also called statistics or
estimates.

¢ Researcher want to known the unknown parameters from the population and will thus
estimate them using the statistics observed or calculated based on the sample

¢ Because we calculate the statistics based on the observations in the sample, they will also
vary from sample to sample and are random variables and we denote them with capital
letters (e.g. X for the sample mean and S? for the sample variance).

e So when we analyse data, we have to reason on how the statistics of interest will vary
from sample to sample.

o When the statistics refer to a numeric value realised in a particular sample, we will use a
small letter: z and s2.
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Convention

¢ Population parameters are fixed but unknown and we will denote them with — Greek
symbols.

e Statistics that we use to estimate unknown parameters based on the sample are denoted
with letters are with a hat.

e e.g. for normal distribution

Population Sample

1 Xorf
o? S2or G
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